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Abstract
A generalization of the standard electroweak model to noncommutative spacetime
would involve a product gauge group which is spontaneously broken. Gauge interactions
in terms of physical gauge bosons are canonical with respect to massless gauge bosons
as required by the exact gauge symmetry, but not so with respect to massive ones; and
furthermore they are generally asymmetric in the two sets of gauge bosons. On non-
commutative spacetime this already occurs for the simplest model of U(1) × U(1). We
examine whether the above feature in gauge interactions can be perturbatively maintained
in this model. We show by a complete one loop analysis that all ultraviolet divergences
are removable with a few renormalization constants in a way consistent with the above
structure.
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1. Introduction
The simplest noncommutative (NC) spacetime is the one in which coordinates xˆ satisfy
the algebra, [xˆµ, xˆν ] = iθµν , where θµν is a real, antisymmetric, constant n× n matrix in
n dimensions. A possible way to formulate field theory on this NC spacetime is through
the Moyal-Weyl correspondence. One starts with the Weyl definition of function on NC
spacetime by the Fourier transform,
fˆ(xˆ) =
1
(2π)n/2
∫
dnk eikµxˆ
µ
f˜(k), (1)
where f˜(k) also defines a function f(x) on the ordinary commutative spacetime. This
relationship is shared by the algebras of functions on the two spacetimes respectively if
the ordinary product of functions on commutative spacetime is replaced by the following
star product,
(f1 ⋆ f2)(x) =
[
exp
(
i
2
θµν∂xµ∂
y
ν
)
f1(x)f2(y)
]
y=x
. (2)
It is in this sense that one may study NC field theory by studying its counterpart on
commutative spacetime where the ordinary product of functions is replaced by the starred
one [1].
Field theories on NC spacetime have some salient features that are in contrast with
ordinary theories and remain to be better understood; for example, the causality and
unitarity problem [2] for time-space noncommutativity and the ultraviolet-infrared(UV-
IR) mixing [3]. Furthermore, it would be natural to ask whether it is possible to generalize
gauge interactions to NC spacetime. An important ingredient in establishing the viability
of the generalizaion as a quantum theory is its renormalizability. This is a task that has to
be fulfilled before one can build up any realistic models. It is the purpose of this work to
continue the pursue in this direction, especially towards constructing realistic models for
electroweak interactions. Our known results in this aspect are mainly based on explicit
analyses and a general proof for (non)renormalizability of gauge theory on NC spacetime
is still lacking [4]. This occurs due essentially to the highly nonlocal character of NC
field theory. The renormalizability of the exact U(1) [5] and U(N) [6] gauge theories has
been established to one loop order, and that of the real φ4 theory [7] to two loops. The
situation in spontaneously broken gauge theories is more subtle, considering the problems
already met with spontaneously broken global symmetries [8]. The cases for the broken
U(1) [9] and U(2) [10] theories have been examined, both with an affirmative answer. And
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it would be plausible to expect that the latter result also applies to the U(N) (N > 2)
case.
In this work we extend the study of spontaneously broken gauge theories on NC
spacetime to those with a product of groups. Our basic considerations are as follows.
In a spontaneously broken gauge theory with a single group, the gauge couplings of
unbroken and broken gauge interactions are the same; and the gauge boson masses are
also fixed by the group structure. For example, for U(N) broken down to U(N − 1) by
a scalar field in the fundamental representation, all N − 1 pairs of charged gauge bosons
(W ) have the same mass which is related to that of the single neutral gauge boson (Z)
by mW = mZ/
√
2. This is indeed some distance to our goal of constructing realistic
electroweak models. It might be that for this purpose we have to consider the case with
a product of groups so that we can have more space for tuning couplings and masses.
There is a new feature in this case that does not appear for a single gauge group, namely
the interactions among physical gauge bosons which are the mixtures of states originally
associated to different group factors. Since only some combined part of symmetries is left
unbroken, these interactions are usually not in a canonical form as dictated by a gauge
symmetry but have diverse though related coefficients. It is not clear whether these
relations can still be consistently maintained by renormalization at the quantum level on
NC spacetime. Furthermore, there are not many choices for possible products of groups
due to restrictions on generalized gauge invariance on NC spacetime in the approach using
the Moyal-Weyl correspondence. First, only the U(N) group is closed under generalized
gauge transformations [11]. This explains the mass relation mentioned above since there
is no freedom even for the U(1) part of the group once the kinetic terms are canonically
normalized. Actually there is no consistent way to separate the U(N) group into the
group factors of SU(N) and U(1) since the latter are always mixed up by generalized
gauge transformations. Thus we may restrict to the product of U(N) factors. Second,
a given matter multiplet can have at most two nontrivial representations under two of
the group factors [12]. This arises because it is not well-defined to transform under more
than two group factors due to the noncommutativity of the star product. For the purpose
of studying spontaneous symmetry breaking it would be general enough to consider the
model of U(N1)×U(N2) with scalars in the (anti-)fundamental representations. As a first
step of the efforts, we shall be less ambitious in this work and consider the simplest case
of U(1)Y1 × U(1)Y2 → U(1)Q which is nontrivial as compared to the one on commutative
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spacetime because of NC self-interactions. We shall see that only the gauge interactions
corresponding to U(1)Q are in a canonical form while those of the massive gauge boson
are not, and that their mixing interactions are asymmetric though related by the ratio of
couplings. We shall check whether all of this can be maintained at one loop level. With
only one massive gauge boson we cannot discuss the mass relation and its renormalization.
But with the positive results achieved thus far and in this work it is tempting to expect that
the same answer would be applicable to the much more complicated case of U(N)×U(1)
or even U(N1)× U(N2).
An alternative formalism of NC field theory [13][14] is based on the Seiberg-Witten
map [15] which relates NC and commutative gauge fields and is solved by a series expan-
sion in θ. While it is more flexible to gauge groups and representations, it is not clear how
to handle with increasingly higher dimension operators as one goes to higher orders in
couplings and θ. We shall follow below the naive approach using the star product though
we are aware of the potential jeopardy at higher orders caused by the UV-IR mixing.
The paper is organized as follows. In the next section we first write down the model
and emphasize its difference to the commutative case, and then introduce the renormaliza-
tion constants. We demonstrate its one loop renormalizability in section 3 by a complete
analysis of all 1PI Green’s functions which may be divergent by power counting. We
conclude with the last section. We show in the appendices the Feynman rules and coun-
terterms of the model and the Feynman diagrams for the 1PI four point Green’s functions
computed in the text.
2. The model
2.1 Classical Lagrangian
We assume that there are two gauge fields Giµ (i = 1, 2) corresponding to the two
groups U(1)Yi with respect to both of which the complex scalar field Φ is charged. The
generalized, starred gauge transformations are
Giµ → G′iµ = Ui ⋆ Giµ ⋆ U−1i + ig−1i Ui ⋆ ∂µU−1i ,
Φ → Φ′ = U1 ⋆ Φ ⋆ U−12 , (3)
where Ui = exp[igiηi(x)]⋆, and gi are gauge couplings. Note that the transformation rule
for Φ is unique up to interchanging the roles of the two group factors. This arises because
of the following observation [12]. Although the two symmetries are commutative as global
and internal ones, they are not so as position-dependent ones due to noncommutativity of
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the star product of ordinary functions. It would be unclear how to do group multiplication
if we assigned a transformation rule like, e.g., Φ→ Φ′ = U1 ⋆ U2 ⋆Φ. The classical action
invariant under the above transformations is constructed from the following Lagrangian,
Lclass = −1
4
G1µνG
µν
1 −
1
4
G2µνG
µν
2
+(DµΦ)
†DµΦ+ µ2Φ†Φ− λΦ†ΦΦ†Φ,
(4)
where we have suppressed the star notation for brevity, and
Giµν = ∂µGiν − ∂νGiµ − igi[Giµ, Giν ],
DµΦ = ∂µΦ− ig1G1µΦ+ ig2ΦG2µ, (5)
with [A,B] ≡ A ⋆ B − B ⋆ A.
The spontaneous symmetry breaking is triggered by the non-vanishing scalar VEV,
assuming µ2, λ > 0,
Φ = φ+ φ0, φ = (σ + iπ)/
√
2, φ0 = v/
√
2, (6)
with v =
√
µ2/λ. The σ field is the physical Higgs boson with mass mσ =
√
2λv2 and
the π field is the would-be Goldstone boson. The physical gauge bosons are the massless
photon A corresponding to the unbroken U(1)Q and the massive Z with mass mZ = gv,
where (
Z
A
)
=
(
c −s
s c
)(
G1
G2
)
,
g =
√
g21 + g
2
2, c = g1/g, s = g2/g.
(7)
In terms of the above fields, Lclass is expanded as a sum of the pure gauge terms and those
involving the scalar fields. The first ones can be cast into the following form,
L2G = −1
4
Z1Z1 +
1
2
m2ZZµZ
µ − 1
4
A1A1,
L3G = 1
2
ig
[
(c2 − s2)Z1Z2 + cs(A1A2 + A1Z2 + Z1M)
]
,
L4G = 1
4
g2
[
(c6 + s6)Z2Z2 + c
2s2(A2A2 + 2Z2A2 +MM) + 2cs(c
2 − s2)Z2M
]
,
(8)
where we have freely used the property of the star product,
∫
dnxfg =
∫
dnxgf , to organize
terms, and the following notations for brevity,
Z1 = ∂µZν − ∂νZµ, Z2 = [Zµ, Zν ],
A1 = ∂µAν − ∂νAµ, A2 = [Aµ, Aν ],
M = [Zµ, Aν ]− [Zν , Aµ].
(9)
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The terms involving scalar fields are
LφG = −mZZµ∂µπ,
L2φ = 1
2
(∂µσ)
2 − 1
2
m2σσ
2 +
1
2
(∂µπ)
2,
L3φ = −λvσ(σ2 + π2),
L4φ = −λ
(
1
4
(σ4 + π4) + σ2π2 − 1
2
σπσπ
)
,
LG2φ = +igcsAµ ((∂µσσ − σ∂µσ) + (∂µππ − π∂µπ))
+
1
2
ig(c2 − s2)Zµ ((∂µσσ − σ∂µσ) + (∂µππ − π∂µπ))
+
1
2
gZµ (π∂µσ − ∂µπσ + ∂µσπ − σ∂µπ) ,
Lφ2G = gmZ (ics[Zµ, Aµ]π + ZµZµσ) ,
L2G2φ = g2
(
1
2
(c4 + s4)ZµZ
µ(σ2 + π2) + c2s2(ZµσZ
µσ + ZµπZ
µπ)
)
+g2c2s2
(
AµA
µ(σ2 + π2)− (AµσAµσ + AµπAµπ)
)
+
1
2
ig2(c2 − s2)ZµZµ[π, σ]
+g2cs(c2 − s2)
(
1
2
(σ2 + π2){Aµ, Zµ} − (AµσZµσ + AµπZµπ)
)
+ig2cs
(
1
2
[π, σ]{Aµ, Zµ} − (AµσZµπ −AµπZµσ)
)
.
(10)
Let us make a few remarks on the above classical Lagrangian. On commutative space-
time, it would degenerate trivially into the Abelian Higgs model plus a non-interacting
pure and exact U(1) sector. On NC spacetime, however, because of the additional
quadratic term in the U(1) field strength and the noncommutativity of interactions, the
exact U(1) sector not only self-interacts but also communicates with the Abelian Higgs
sector. This makes the theory much more involved and nontrivial. The self-interations of
the photon are canonical as required by the exact U(1) symmetry, with a gauge coupling
of gcs. This is not the case with the Z boson corresponding to the broken symmetry.
And the mixed interactions are also asymmetric with respect to the two bosons. This
arises essentially from their asymmetric couplings to the scalar field which in turn result
in the mixing between them as shown in eq. (7). On the other hand, though asymmetric,
all of these interactions are related by the only two available gauge couplings. It is thus
interesting to check whether these relations can be consistent with the removal of UV
divergences at higher orders and thus be possibly maintained in perturbation theory.
2.2 Gauge fixing and ghost terms
The procedure of gauge fixing may be generalized directly from the commutative
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theory with the ordinary product replaced by the starred one,
Lg.f. = − 1
2ξ1
f1f1 − 1
2ξ2
f2f2,
f1 = ∂
µG1µ + ig1ξ1(φ
†φ0 − φ†0φ),
f2 = ∂
µG2µ − ig2ξ2(φ†φ0 − φ†0φ).
(11)
Denoting the ghost fields as ci and c¯i (i = 1, 2) and using the BRS transformations,
sGiµ = ∂µci + igi[ci, Giµ],
sφ = ig1c1Φ− ig2Φc2,
sφ† = ig2c2Φ
† − ig1Φ†c1,
sci = igicici,
sc¯i = − 1
ξi
fi,
(12)
the ghost terms are constructed as
Lghost = −c¯1sf1 − c¯2sf2, (13)
where
sf1 = ∂
µ(∂µc1 + ig1[c1, G1µ]) + g
2
1ξ1(Φ
†c1φ0 + φ
†
0c1Φ)
−g1g2ξ1(c2Φ†φ0 + φ†0Φc2),
sf2 = ∂
µ(∂µc2 + ig2[c2, G2µ]) + g
2
2ξ2(c2Φ
†φ0 + φ
†
0Φc2)
−g1g2ξ2(Φ†c1φ0 + φ†0c1Φ).
(14)
Then, s(Lg.f. + Lghost) = 0 due to s2fi = 0.
To avoid unwanted quadratic A − Z mixing in Lg.f., we work below in the simplified
version of ξ1 = ξ2 = ξ. Introducing the diagonalized ghosts corresponding to the gauge
bosons A and Z, (
cZ
cA
)
=
(
c −s
s c
)(
c1
c2
)
,
(
c¯Z
c¯A
)
=
(
c −s
s c
)(
c¯1
c¯2
)
,
(15)
we obtain,
Lg.f. = − 1
2ξ
(
(∂µZµ)
2 + (∂µAµ)
2
)
−mZπ∂µZµ − 1
2
ξm2Zπ
2,
Lghost = Lcc¯ + Lφcc¯ + LGcc¯,
(16)
where
Lcc¯ = −c¯A∂2cA − c¯Z(∂2 + ξm2Z)cZ ,
Lφcc¯ = −1
2
ξg2vc¯Z
(
{cZ , σ}+ (c2 − s2)i[cZ , π] + 2csi[cA, π]
)
,
LGcc¯ = +igcs (∂µc¯A ([cA, Aµ] + [cZ , Zµ]) + ∂µc¯Z ([cZ , Aµ] + [cA, Zµ]))
+ig(c2 − s2)∂µc¯Z [cZ , Zµ].
(17)
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Note that the Zπ mixing term in Lg.f. is cancelled by LφG in eq. (10). The complete
Feynman rules are collected in Appendix A.
2.3 Renormalization constants and counterterms
Now we introduce renormalization constants for the bare quantities. It turns out that
in the gauge sector it is convenient to introduce renormalization constants for the original
gauge fields. We have,
(Giµ)B = Z
1/2
Gi
Giµ, (φ)B = Z
1/2
φ φ,
(gi)B = Z
−1/2
Gi
Zgigi, (λ)B = Z
−2
φ Zλλ,
(µ2)B = Z
−1
φ µ
2
(
1 +
δµ2
µ2
)
, (v)B = Z
1/2
φ v
(
1 +
δv
v
)
.
(18)
The redundant constant δv in the scalar sector will be determined by demanding vanishing
σ tadpole at higher orders.
Since there is mixing between gauge bosons, there are two equivalent ways to proceed
when separating counterterms from the bare Lagrangian. One way is to start with eq.
(18) and define the renormalized A and Z fields in terms of the renormalized c and s
through eq. (7). This proves to be convenient for the gauge sector. The alternative way
is to consider eq. (7) as a bare relation and introduce counterterms for the bare c and s
which are in turn determined by δZGi and δZgi. This turns out to be better for organizing
the counterterms in the gauge-scalar sector. In what follows, our c and s are always meant
to be renormalized quantities when this differentiation is necessary.
For the gauge fixing and ghost part, the procedure is parallel to that in Ref. [10]
though slightly more complicated. We choose the quantities appearing in the gauge
fixing functions fi to be already renormalized, consider the BRS transformation of the
renormalized fields, and then introduce the renormalization constants for the ghost fields,
(ci)B = Zcici. (19)
The cZ,A fields are again given by eq. (15) in terms of the renormalized quantities.
We shall not present the lengthy expressions for the counterterms whose Feynamn
rules are listed in appendix A. We just comment that there are counterterms to vertices
which do not appear at tree level. This arises from the mixing of the A,Z fields and their
different renormalization.
3. One loop renormalizability
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σσσ, σππ πππ, πσσ
Aσσ,Aππ
Zσσ, Zππ, Zσπ Aσπ
ZZσ, ZAσ ZAσ ZZπ,AAσ,AAπ
AAA,ZZZ, ZZA ZAA
σcZ c¯Z , πcZ c¯Z , πcAc¯Z σcAc¯Z σcZ c¯A, σcAc¯A, πcZ c¯A, πcAc¯A
AcAc¯A, AcZ c¯Z ZcAc¯A
ZcZ c¯Z , ZcAc¯Z , ZcZ c¯A AcAc¯Z , AcZ c¯A
σσσσ, ππππ, σσππ σσσπ, σπππ
AAσσ,AAππ
ZZσσ, ZZππ, ZZσπ
AZσσ,AZππ,AZσπ AAσπ
AAAA,ZZZZ,AAZZ,AZZZ AAAZ
Table 1: All possible three- and four-point 1PI Green’s functions which may be divergent
by power counting. Listed in the first, second and third columns are respectively the
vertices with both tree and counterterm contributions, with counterterm but without tree
contributions, and without either.
In this section we present our one loop results on UV divergences and demonstrate
explicitly that the model is renormalizable at one loop. We consider only diagrams which
may be divergent by power counting, but exclude exceptional external momentum config-
urations such as θµνp
ν = 0 which may cause the UV-IR mixing. We work for simplicity in
the ξ1 = ξ2 = ξ = 1 gauge and use the dimensional regularization in n = 4−2ǫ dimensions
for the UV divergence.
We have exhausted all possible one- to four-point 1PI Green’s functions, but it is
unnecessary to list here the lengthy results. Instead, we classify in table 1 all possible
three- and four-point functions for clarity. The tadpole and two-point functions are easy
to compute and not listed there. The computation of up to three-point functions is similar
to Ref. [10] and we refer to that reference for details. We shall show our calculation of
four-point functions by some typical examples. But before doing that, we would like to
mention that there are many cross-checks which guarantee the correctness of our results.
Generally, there are a large number of Green’s functions that have to be made finite
by adjusting the ten renormalization constants in eqs. (18) and (19). Due to the A − Z
mixing there are vertices that do not appear at tree level but have counterterms (as shown
in the second column in the table 1). The cancellation of divergences in these vertices
serves as a nontrivial consistency check of the result. For some vertices, different terms
have different couplings and momentum-dependent trigonometric functions, and are thus
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renormalized differently. This also serves as a nontrivial check of the calculation. Finally,
those listed in the last column must be finite by themselves if the model is renormalizable.
Let us start with the φφφφ-type vertex. The general Feynman diagrams are shown
and numbered in appendix B. The simplest ones are the vertices σσσσ and ππππ. We
present our result for the vertex σ(p1)σ(p2)π(p3)π(p4) which is richer in structure, where
pi are the incoming momenta of the particles. The UV divergences are found as follows.
(a)15 = ig
4∆ǫ
{
c12c34
[
3
2
(c2 − s2)2 + 2c2s2 + 1
4
(c2 − s2)4
+4c4s4 + 2(c2 − s2)2c2s2 + 1
4
]
− c13,24
[
(c2 − s2)2 + 2c2s2
]}
= ig4∆ǫ(c
4 + s4)(2c12c34 − c13,24),
(20)
with cij = cos(pi ∧ pj), sij = sin(pi ∧ pj), cij,kl = cos(pi ∧ pj + pk ∧ pl), sij,kl = sin(pi ∧ pj +
pk ∧ pl), p ∧ q = 1/2θµνpµqν and ∆ǫ = 1/(16π2ǫ). (x)n means that there are n diagrams
contributing to the type-(x) diagram shown in appendix B, not counting permutations of
external identical particles. Note that simplified structures as above are usually reached
only upon summing up permutated diagrams.
(b)8 = iλg
2∆ǫ
[
(c2 − s2)2 + 4c2s2 + 1
]
[−2c12c34 + 2(c13,24 − c12c34)]
= iλg2∆ǫ4(c13,24 − 2c12c34),
(c)12 = ig
4∆ǫ
{
−c12c34
[
(c4 + s4)
(
1 + (c2 − s2)2
)
+ 8c4s4 + 4c2s2(c2 − s2)2
]
+2(s31s24 + s41s23)
[
(c2 − s2)2 + 2c2s2
]}
= ig4∆ǫ2(c
4 + s4)(c13,24 − 2c12c34),
(21)
where we have used the momentum conservation and the antisymmetry of θµν to obtain,
s31s24 + s41s23 = c13,24 − c12c34.
(d)3 = iλ
2∆ǫ8(2c12c34 − c13,24),
(e)5 = ig
4∆ǫ
{
4c12c34
[
(c4 + s4)2 + 4c4s4 + 2c2s2(c2 − s2)2
]
+4(s13s24 + s14s23)
[
(c2 − s2)2 + 2c2s2
]}
= ig4∆ǫ4(c
4 + s4)(2c12c34 − c13,24).
(22)
The total UV divergence of the vertex is then,
iV σσππ(p1, p2, p3, p4) = i∆ǫ
[
3g4(c4 + s4)− 4g2λ+ 8λ2
]
(2c12c34 − c13,24). (23)
The GGφφ-type vertices involve the most types of diagrams. We illustrate our cal-
culation by the Aµ(p1)Aν(p2)π(p3)σ(p4) vertex which has no tree level contribution but
does have a counterterm.
(a)2 = +ig
4∆ǫgµν2(c
2 − s2)c2s2 c12s34,
(b)2 = −ig4∆ǫgµν 3
2
(c2 − s2)c2s2 c12s34, (24)
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where once again the same structure as the counterterm is achieved only upon summing
over permutated diagrams. The type-(c) diagram turns out to be finite as the highest
power of the loop momentum k actually disappears, e.g., kαkβkνPαβµ(k + p3,−k − p1 −
p3, p1) = O(k
3). There are no type-(d) and -(j) diagrams at all in this case since the photon
couplings are diagonal in scalar fields. The type-(e) diagram is generally complicated
because it involves two GGG vertices. But in the current case we only have a Z-loop to
compute.
(e)1 = +ig
4∆ǫgµν9(c
2 − s2)c2s2 c12s34,
(f)2 = −ig4∆ǫgµν2(c2 − s2)c2s2 c12s34,
(g)2 = +ig
4∆ǫgµν
3
2
(c2 − s2)c2s2 c12s34,
(h)4 = −ig4∆ǫgµν4(c2 − s2)c2s2 c12s34,
(i)4 = +ig
4∆ǫgµν3(c
2 − s2)c2s2 c12s34,
(k)1 = −ig4∆ǫgµν6(c2 − s2)c2s2 c12s34,
(l)2 = +ig
4∆ǫgµν6(c
2 − s2)c2s2 c12s34.
(25)
The overall divergence of the vertex is then,
iV AAπσµν (p1, p2, p3, p4) = +ig
4∆ǫgµν8(c
2 − s2)c2s2 c12s34. (26)
The GGGG vertices are the most difficult part of the computation due mainly to
the complicated momentum dependent trigonometric structures. We choose as a typical
example the Zµ(p1)Zν(p2)Aα(p3)Aβ(p4) vertex to show our calculation, which has a rich
structure. Diagrams of type-(a), (c), (d) and (f) are easy to compute with the results:
(a)7 = +ig
4∆ǫc
2s2
[
(c2 − s2)2 + 1
]
×2
3
[gµνgαβ + gµαgβν + gµβgνα] [2c12c34 + c13,24] ,
(c)5 = −ig4∆ǫc2s2
[
(c2 − s2)2 + 2c2s2
]
×1
6
[gµνgαβ + gµαgβν + gµβgνα] [2c12c34 + c13,24] ,
(d)10 = −ig4∆ǫc2s2
[
(c2 − s2)2 + 1
]
×4[c12c34gµνgαβ + c13c24gµαgβν + c14c23gµβgνα],
(f)5 = +ig
4∆ǫc
2s22
{
2(c4 + s4)c12c34gµνgαβ
+
[
(c2 − s2)2 + 1
]
(c13c24gµαgβν + c14c23gµβgνα)
}
.
(27)
Diagrams (b), (e) and (g) involve multiple pure gauge vertices and are more complicated.
For example, diagram (b) contains a product of four triple-vertex Pµ1µ2µ3(p1, p2, p3) ten-
sors, whose highest power term in loop momentum k provides the UV divergence. Upon
dropping oscillatory phases involving k and doing symmetric loop integration, we may
use,
Pρσα(k,−k, 0)P στβ(k,−k, 0)P τηµ(k,−k, 0)P ηρν(k,−k, 0)
→ [47(gµνgαβ + gµβgνα) + 17gµαgβν ](k2)2/12.
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Combining coefficients of c and s, the results are
(b)5 = +ig
4∆ǫc
2s2(c4 + s4)
×1
6
{c12,34[47(gµνgαβ + gµβgνα) + 17gµαgβν ]
+ c12,43[47(gµνgαβ + gµαgβν) + 17gµβgνα]
+ c13,24[47(gµαgβν + gµβgνα) + 17gµνgαβ]} ,
(e)8 = −ig4∆ǫc2s2(c4 + s4)
×2 {c12c34(13gµνgαβ + gµβgνα + gµαgβν) + 9s12s34(gµαgβν − gµβgνα)
+ c13c24(13gµαgβν + gµνgαβ + gµβgνα) + 9s13s24(gµνgαβ − gµβgνα)
+ c14c23(13gµβgνα + gµαgβν + gµνgαβ) + 9s14s23(gµνgαβ − gµαgβν)} ,
(g)4 = +ig
4∆ǫc
2s2(c4 + s4)
×2 {c12c34(4gµνgαβ + gµβgνα + gµαgβν) + 9s12s34(gµαgβν − gµβgνα)
+ 2c12c34(5gµνgαβ − gµαgβν − gµβgνα) + 6s12s34(gµαgβν − gµβgνα)
+ c13,24(7gµαgβν + 7gµβgνα − 8gµνgαβ)} .
(28)
Using momentum conservation and antisymmetry of θµν to deduce the following relations,
cikcjl =
1
2
[cijckl + sijskl + cik,jl],
siksjl =
1
2
[cijckl + sijskl − cik,jl],
cik,jl = cil,jk,
where {i, j, k, l} is a permutation of {1, 2, 3, 4}, and expressing all trigonometric functions
in terms of c12c34, s12s34 and c13,24, we obtain the total UV divergence for the vertex,
iV ZZAAµναβ (p1, p2, p3, p4) = ig
4∆ǫ2c
2s2(c4 + s4)
×{[c13,24 − c12c34] [2gµνgαβ − gαµgβν − gανgβµ]
−3s12s34 [gαµgβν − gανgβµ]} .
(29)
Our explicit one loop result may be summarized by the following set of renormalization
constants in the MS scheme,
δZG1 = ∆ǫ3g
2c2, δZG2 = ∆ǫ3g
2s2,
δZc1 = ∆ǫg
2c2, δZc2 = ∆ǫg
2s2,
δZφ = ∆ǫ2g
2,
δZg1 = −∆ǫ2g2c2, δZg2 = −∆ǫ2g2s2,
λδZλ = ∆ǫ/2 [3g
4(c4 + s4)− 4g2λ+ 8λ2] ,
λδµ2/µ2 = −∆ǫ/2 [3g4(1 + 2c2s2) + 2g2λ+ 4λ2] , δv/v = ∆ǫg2.
(30)
The complete calculation shows that the above set is sufficient to remove all UV diver-
gences that appear at one loop order. We emphasize this is true in the gauge sector though
gauge interactions are not symmetric with respect to the two physical gauge bosons. The
renormalization constants for the diagonalized fields and their mixings are,
δZA = ∆ǫ6g
2c2s2, δZZ = ∆ǫ3g
2(c4 + s4),
δZcA = ∆ǫ2g
2c2s2, δZcZ = ∆ǫg
2(c4 + s4),
δZAZ = ∆ǫ3g
2cs(c2 − s2), δZcAcZ = ∆ǫg2cs(c2 − s2).
(31)
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And the counterterm for the gauge boson mass and the renormalization constant for the
exact U(1) coupling e = gcs defined by (e)B = Z
−1/2
A Zee are
δm2Z = m
2
Z∆ǫg
2[4− (c4 + s4)], δZe = −∆ǫ4e2. (32)
4. Conclusion
A generalization of the standard electroweak model to NC spacetime would involve
a product gauge group which is spontaneously broken. A criterion to consider this as a
viable quantum field theory should include its perturbative renormalizability. We pointed
out that there are two features in such a model which do not appear in the case of a single
gauge group. Firstly, the gauge boson mass relation is determined jointly by the group
structure and the ratio of gauge couplings. This may allow for more space for tuning the
masses as happens in the standard model. Secondly, the gauge interactions of massless
gauge bosons are canonical as required by exact gauge symmetry, but those of massive
ones are generally not. The mixed interactions between the two sets of gauge bosons are
also asymmetric though related, even if we start with a symmetric arrangement of group
factors like U(N) × U(N). It is the purpose of the current work to examine whether
these features can be consistently maintained at higher orders in perturbation theory
so that such a model may still be renormalizable on NC spacetime. Due to technical
complications, we have restricted to the simplest case of U(1)Y1 × U(1)Y2 → U(1)Q as
a first step in these efforts. Although the first feature mentioned above never appears,
the second one can be thoroughly explored. We found indeed all UV divergences at one
loop level can be removed altogether with a few renormalization constants. Based on this
result and those already achieved so far, it would be very natural to expect that the same
conclusion also applies to the more general case with the U(N1) × U(N2) gauge group.
Furthermore, while this result is far away from demonstrating renormalizability to all
orders, it does lend support to the viewpoint that it is worthwhile to consider seriously
building up realistic models of gauge interactions on NC spacetime though this seems to
be rather difficult.
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Appendix A Feynman rules
We list below the complete Feynman rules for the model with the gauge choice of
ξ1 = ξ2 = ξ. All momenta are incoming and shown in the parentheses of the corresponding
particles.
Propagators (momentum p):
Aµ Aν
=
−i
p2
[
gµν − (1− ξ)pµpν
p2
]
Zµ Zν
=
−i
p2 −m2Z
[
gµν − (1− ξ) pµpν
p2 − ξm2Z
]
σ σ
=
i
p2 −m2σ
π π
=
i
p2 − ξm2Z
cA c¯A =
i
p2
cZ c¯Z =
i
p2 − ξm2Z
Gφφ vertices:
Aµσ(p1)σ(p2) = Aµπ(p1)π(p2)
= 2gcs(p1 − p2)µ s12
Zµσ(p1)σ(p2) = Zµπ(p1)π(p2)
= g(c2 − s2)(p1 − p2)µ s12
Zµσ(p1)π(p2) = g(p1 − p2)µ c12
where sij = sin(pi ∧ pj) and cij = cos(pi ∧ pj).
GGφ vertices:
Zµ(p1)Zν(p2)σ = i2gmZgµν c12
Zµ(p1)Aν(p2)π = i2gcsmZgµν s12
GGφφ vertices:
Zµ(p1)Zν(p2)σ(p3)σ(p4) = Zµ(p1)Zν(p2)π(p3)π(p4)
= i2g2gµν [(c
4 + s4) c12c34 + 2c
2s2 c13,24]
Zµ(p1)Zν(p2)π(p3)σ(p4) = i2g
2(c2 − s2)gµν c12s34
Aµ(p1)Aν(p2)σ(p3)σ(p4) = Aµ(p1)Aν(p2)π(p3)π(p4)
= i4g2c2s2gµν [c12c34 − c13,24]
Aµ(p1)Zν(p2)σ(p3)σ(p4) = Aµ(p1)Zν(p2)π(p3)π(p4)
= i2g2cs(c2 − s2)gµν [c12c34 − c13,24]
Aµ(p1)Zν(p2)π(p3)σ(p4) = i2g
2csgµν [c12s34 + s13,24]
where sij,kl = sin(pi ∧ pj + pk ∧ pl) and cij,kl = cos(pi ∧ pj + pk ∧ pl).
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GGG vertices:
Aα(p1)Aβ(p2)Aγ(p3) = −2gcs s12 Pαβγ(p1, p2, p3)
Zα(p1)Zβ(p2)Zγ(p3) = −2g(c2 − s2) s12 Pαβγ(p1, p2, p3)
Zα(p1)Zβ(p2)Aγ(p3) = −2gcs s12 Pαβγ(p1, p2, p3)
where
Pαβγ(p1, p2, p3) = (p1 − p2)γgαβ + (p2 − p3)αgβγ + (p3 − p1)βgγα.
Some simple properties of it are useful:
Pαβγ(p1, p2, p3) = −Pαγβ(p1, p3, p2)
= −Pβαγ(p2, p1, p3) = −Pγβα(p3, p2, p1),
Pαβγ(p1, p2, p3) + Pγαβ(p1, p2, p3) = Pβαγ(p1, p3, p2).
GGGG vertices:
Aµ1(p1)Aµ2(p2)Aµ3(p3)Aµ4(p4)
= −i4g2c2s2[gAµ1µ2,µ3µ4 s12s34 + gAµ3µ1,µ2µ4 s31s24 + gAµ2µ3,µ1µ4 s23s14]
Zµ1(p1)Zµ2(p2)Zµ3(p3)Zµ4(p4)
= −i4g2(c6 + s6)[gAµ1µ2,µ3µ4 s12s34 + gAµ3µ1,µ2µ4 s31s24 + gAµ2µ3,µ1µ4 s23s14]
Zµ1(p1)Zµ2(p2)Aµ3(p3)Aµ4(p4)
= i2g2c2s2[gSµ1µ2,µ3µ4(c13,24 − c12c34)− 3gAµ1µ2,µ3µ4 s12s34]
Zµ1(p1)Zµ2(p2)Zµ3(p3)Aµ4(p4)
= i4g2cs(c2 − s2)[gµ4µ1gµ2µ3(c43,12 − c41c23)
+gµ4µ2gµ3µ1(c41,23 − c42c31) + gµ4µ3gµ1µ2(c42,31 − c43c12)]
where
gAµ1µ2,µ3µ4 = gµ1µ3gµ2µ4 − gµ1µ4gµ2µ3 ,
gSµ1µ2,µ3µ4 = 2gµ1µ2gµ3µ4 − gµ1µ3gµ2µ4 − gµ1µ4gµ2µ3 .
φφφ vertices:
σσ(p1)σ(p2) = −i6λv c12
σπ(p1)π(p2) = −i2λv c12
φφφφ vertices:
σ(p1)σ(p2)σ(p3)σ(p4) = π(p1)π(p2)π(p3)π(p4)
= −i2λ[c12c34 + c31c24 + c23c14]
σ(p1)σ(p2)π(p3)π(p4) = −i2λ[2c12c34 − c13,24]
φcc¯ vertices:
σcZ(p1)c¯Z(p2) = −iξg2v c21
πcZ(p1)c¯Z(p2) = −iξg2v(c2 − s2) s21
πcA(p1)c¯Z(p2) = −iξg2v 2cs s21
Gcc¯ vertices:
AµcA(p1)c¯A(p2) = AµcZ(p1)c¯Z(p2)
= 2gcs p2µ s21
ZµcZ(p1)c¯Z(p2) = 2g(c
2 − s2)p2µ s21
ZµcA(p1)c¯Z(p2) = ZµcZ(p1)c¯A(p2)
= 2gcs p2µ s21
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Counterterms for self-energies and mixings are listed below. Note the momentum p is
the incoming momentum of the gauge boson in the Gφ mixing.
σ × = iλv3
[
δµ2/µ2 − δZλ − 2δv/v
]
σ σ× = ip2δZφ − im2σ/2
[
−δµ2/µ2 + 3δZλ + 6δv/v
]
π π× = ip2δZφ − im2σ/2
[
−δµ2/µ2 + δZλ + 2δv/v
]
Aµ Aν× = i(pµpν − p2gµν)(s2δZG1 + c2δZG2)
Zµ Zν× = i(pµpν − p2gµν)(c2δZG1 + s2δZG2)
+ igµνm
2
Z
[
2(c2δZg1 + s
2δZg2) + 2δv/v + δZφ
]
Zµ Aν× = i(pµpν − p2gµν)cs(δZG1 − δZG2)
+ igµνm
2
Zcs(δZg1 − δZg2)
Zµ π× = mZpµ
[
(c2δZg1 + s
2δZg2) + δv/v + δZφ
]
Aµ π× = mZpµcs(δZg1 − δZg2)
cA c¯A× = ip2(s2δZc1 + c2δZc2)
cZ c¯Z× = ip2(c2δZc1 + s2δZc2)
− iξm2Z
[
(c2δZc1 + s
2δZc2) + (c
2δZg1 + s
2δZg2) + δv/v
]
cZ c¯A× = ip2cs(δZc1 − δZc2)
cA c¯Z× = ip2cs(δZc1 − δZc2)
− iξm2Zcs [(δZc1 − δZc2) + (δZg1 − δZg2)]
The counterterms for pure scalar vertices are obtained as in U(2) theory by attaching
appropriate factors to the corresponding Feynman rules.
φφφ : tree× [δZλ + δv/v]
φφφφ : tree× δZλ
The counterterms for vertices involving gauge bosons become complicated due to the
A− Z mixing and different renormalization of their fields and couplings. There are also
counterterms to vertices that do not appear at tree level. This is also the case for ghost
vertices. For the vertices appearing already at tree level we use the same notations of
momenta and indices below for their counterterms.
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Gφφ vertices:
Aσσ, Aππ : tree× [(δZg1 + δZg2)/2 + δZφ]
Zσσ, Zππ : tree× [(c2δZg1 − s2δZg2)/(c2 − s2) + δZφ]
Zπσ : tree× [(c2δZg1 + s2δZg2) + δZφ]
Aµσ(p1)π(p2) : gcs(p1 − p2)µ c12(δZg1 − δZg2)
GGφ vertices:
ZZσ : tree× [2(c2δZg1 + s2δZg2) + δZφ + δv/v]
ZAπ : tree× [(δZg1 + δZg2) + δZφ + δv/v]
Zµ(p1)Aν(p2)σ : i2gcsmZgµν c12(δZg1 − δZg2)
GGφφ vertices:
ZZσσ, ZZππ : i2g2gµν{[2(c4δZg1 + s4δZg2) + (c4 + s4)δZφ]c12c34
+2c2s2[δZg1 + δZg2 + δZφ]c13,24}
ZZπσ : tree× [2(c4δZg1 − s4δZg2)/(c2 − s2) + δZφ]
AAσσ, AAππ : tree× [δZg1 + δZg2 + δZφ]
AZσσ, AZππ : i2g2csgµν{[2(c2δZg1 − s2δZg2) + (c2 − s2)δZφ]c12c34
−(c2 − s2)[δZg1 + δZg2 + δZφ]c13,24}
AZπσ : i2g2csgµν{[2(c2δZg1 + s2δZg2) + δZφ]c12s34
+[δZg1 + δZg2 + δZφ]s13,24}
Aµ(p1)Aν(p2)π(p3)σ(p4) : i4g
2c2s2gµν c12s34(δZg1 − δZg2)
GGG vertices:
AAA : tree× [(s2δZg1 + c2δZg2) + (s2δZG1 + c2δZG2)]
ZZZ : tree× [(c4δZg1 − s4δZg2) + (c4δZG1 − s4δZG2)]/(c2 − s2)
ZZA : tree× [(c2δZg1 + s2δZg2) + (c2δZG1 + s2δZG2)]
Aα(p1)Aβ(p2)Zγ(p3) : −2gc2s2 s12 Pαβγ(p1, p2, p3)[(δZg1 − δZg2) + (δZG1 − δZG2)]
GGGG vertices:
AAAA : tree× [2(s2δZg1 + c2δZg2) + (s2δZG1 + c2δZG2)]
ZZZZ : tree× 1/(c6 + s6)
×[2(c6δZg1 + s6δZg2) + (c6δZG1 + s6δZG2)]
ZZAA : tree× [2(c2δZg1 + s2δZg2) + (c2δZG1 + s2δZG2)]
ZZZA : tree× 1/(c2 − s2)
×[2(c4δZg1 − s4δZg2) + (c4δZG1 − s4δZG2)]
Aµ1(p1)Aµ2(p2)Aµ3(p3)Zµ4(p4) : i4g
2c3s3[2(δZg1 − δZg2) + (δZG1 − δZG2)]
×[gµ4µ1gµ2µ3(c43,12 − c41c23)
+gµ4µ2gµ3µ1(c41,23 − c42c31)
+gµ4µ3gµ1µ2(c42,31 − c43c12)]
φcc¯ vertices:
σcZ c¯Z : tree× [(c2δZg1 + s2δZg2) + (c2δZc1 + s2δZc2)]
πcZ c¯Z : tree× [(c2δZg1 − s2δZg2) + (c2δZc1 − s2δZc2)]/(c2 − s2)
πcAc¯Z : tree× [(δZg1 + δZg2) + (δZc1 + δZc2)]/2
σcA(p1)c¯Z(p2) : −iξg2vcs c21[(δZg1 − δZg2) + (δZc1 − δZc2)]
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Gcc¯ vertices:
AcAc¯A : tree× [(s2δZg1 + c2δZg2) + (s2δZc1 + c2δZc2)]
AcZ c¯Z : tree× [(c2δZg1 + s2δZg2) + (c2δZc1 + s2δZc2)]
ZcZ c¯Z : tree× 1/(c2 − s2)
×[(c4δZg1 − s4δZg2) + (c4δZc1 − s4δZc2)]
ZcAc¯Z , ZcZ c¯A : tree× [(c2δZg1 + s2δZg2) + (c2δZc1 + s2δZc2)]
AµcA(p1)c¯Z(p2), AµcZ(p1)c¯A(p2) : 2gc
2s2p2µ s21[(δZg1 − δZg2) + (δZc1 − δZc2)]
ZµcA(p1)c¯A(p2) : 2gc
2s2p2µ s21[(δZg1 − δZg2) + (δZc1 − δZc2)]
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Appendix B One loop diagrams for 1PI four-point functions
We show below topologically different diagrams in which the wavy, dashed and dotted
lines represent the gauge, scalar and ghost fields respectively. For a concrete vertex all
possible assignments of fields must be included. Diagrams with an “ f ” are finite by
power counting. The diagrams for two- and three-point functions are similar to those in
U(2) theory which are shown in Ref. [10], with the exclusion of the charged particles, and
will not be repeated here.
φφφφ vertex:
f f f (a) f
f f f (b) (c)
f (d) (e)
φφGG vertex:
f (a) f f f
f f f (b) f
19
f f f f f
f f (c) f f
f (d) f f (e)
f (f) (g) f (h)
f f (i) (j) (k)
(l)
20
GGGG vertex:
(a) f f f f
(b) (c) (d) f f
(e) (f) (g)
21
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